The string α ′ -correction to the usual Einstein action comprises a Gauss-Bonnet integrand multiplied by non-trivial functions of the modulus field χ and/or the dilaton field φ. We discuss how the presence of such terms in the four dimensional effective action can explain several novel phenomena, such as a four-dimensional flat Friedmann-Robertson-Walker universe undergoing a cosmic inflation at the early epoch, as well as a cosmic acceleration at late times. The model predicts, during inflation, spectra of both density perturbations and gravitational waves that may fall well within the experimental bounds. The model therefore provides a unified approach for explaining the early and late time accelerating phases of the universe.
String/M theory has the prospect of unification of all interactions (see 1 for a review), providing inter-relationships between quantum mechanics and general relativity. The hope is that the ultimate theory of Nature contains a fundamental and simple, concise relation between close-by and far-away, and past and future. However, string theory, in which great progress was made in the 80's and 90's, has not been developed to the stage where the full theory may be employed to construct a detailed cosmology, explaining the evolution of our universe from an epoch near the Planck scale (∼ 10 −33 cm) to the presently accessible largest scale (∼ 10 28 cm).
The assumptions which make string cosmology a challenging subject are the existence of (yet unobserved) extra dimensions and supersymmetry. Modern (super)string theory or M theory has additional features: it now goes beyond the perturbative approach 2,3 popularised in the 80's and 90's and takes into account the effects due to fluxes, branes, singularities and nontrivial cycles in the extra dimensions. M theory provides new avenues for studying the theory of inflation or cosmic acceleration via flux 4 or time-dependent 5 compactifications.
The heterotic string theory after its discovery in 1985 2,3 appeared to be the string theorist's dream as something like the real world. Only in 1995, there came a breakthrough, not in finding the right version to describe the physical world but in understanding the connections among various versions of string theory, which are related to each other by various string dualities 6 . It is therefore not necessary that all five versions of string theory to be equally relevant in a cosmological context. The four-dimensional effective action of our interest here is given by
where κ is the inverse Planck mass m −1 Pl = (8πG N ) 1/2 and R 2 GB ≡ R 2 − 4R µν R µν + R µνρχ R µνρχ is the Gauss-Bonnet (GB) integrand. Here φ may be viewed as a dilaton, which has no potential, whereas χ is an ordinary scalar (or inflaton field) which, in particular cases, could be a modulus field associated with the overall size of extra dimensions. In a known example of heterotic string compactification 7,8 , λ(φ) = λ 1 e φ + · · · and ξ(χ) ∝ (ln(2) − 2π 3 cosh(χ)) + · · · (χ is the real part of the common volume modulus). Unfortunately, we do not have a precise knowledge about V (χ); any such potential may take into account the supersymmetry breaking non-perturbative effects 4 . It may well be that the potential is a function of both χ and φ, so V (χ) → V (χ, φ).
Nojiri et al. 9 examined a special (exact) solution for the system (1) with the choice V (χ) = V 0 e −χ/χ 0 and ξ(χ) = ξ 0 e χ/χ 0 , deleting the φ-dependent terms. The analysis was extended in 10 (see also 11 ) by introducing higher (than second order) curvature corrections, but in the χ=const background. A more general solution, in a fixed dilaton background,φ = 0, was given in 12 . It was explained there how the model (1) can explain a relaxation of vacuum energy (or effective potential) to a small value (exponentially close to zero) after a sufficiently large number of e-folds of expansion, providing a possible solution to both inflation and cosmological constant problems.
For simplicity, we shall start our discussion by neglecting all the dilaton related terms. We find it convenient to define the following variables (in the units κ = 1):
where the dot (prime) denotes a derivative w.r.t. the proper time t (number of e-folds, N = H dt = ln(a(t)/a 0 )). Note that N is a monotonically increasing function of the scale factor, a(t), or the proper time t, but its sign depends on the assumption of what the scale a 0 represents. If a 0 is the present value of the scale factor, then N is negative in the past, a(t) < a 0 .
In the absence of the Gauss-Bonnet coupling (so U = 0), the equations of motion are given by Y = 3 + ε and X = −ε. These are remarkably simple! However, different choice of ε implies different Y and hence different V (χ), and so is the equation of state (EOS) parameter w, which is defined by w = −2ε/3 − 1. Is it then all worthy?
In the past, many authors have considered cosmological solutions with various ad hoc choices of the potential, e.g. chaotic potential V (χ) = V 0 + 1 2 m 2 χ 2 , exponential potential V (χ) = V 0 e −p χ , inverse power-law potential V (χ) = Λ 4 (χ 0 /χ) n (n ≥ 2), the axion-potential V (χ) = Λ 4 (c ± cos(χ/χ 0 )), and so on. The models with exponential and inverse power-law potentials possess some interesting features at late times, such as the cosmological attractors 13,14 . Though it may be desirable to construct a cosmological model that gives rise to
for the model to work, the field χ must relax its potential energy after inflation down to a sufficiently low value, possibly very close to the present value of dark energy, Λ vac ∼ (10 −3 eV) 4 . Do all of the above potentials possess such feature? The answer is soundly no! An exponential potential is perhaps the best choice but it is more plausible that the coupling constant p is a function of the field χ itself, or the number of e-folds,
For generality, we assume that ξ(χ) = 0, without specifying its sign at this stage. In an accelerating universe, the Gauss-Bonnet term is positive, i.e., R 2 GB = 24ȧ 2ä a 3 > 0. The effective potential, which may be given by
GB . We find it convenient to impose the condition 12,15
so that Λ(χ) ≥ 0 for ε ≥ −3 or equivalently when the EOS parameter w ≤ 1. There is now only one free parameter in the model, which may be fixed either by allowing one of the variables in (2) to take a fixed (but arbitrary) value or by making an appropriate ansatz. Here we consider two physically motivated cases. First consider the case of power-law inflation, for which
where c 0 and t 1 are arbitrary constants. This actually implies that ε ≡Ḣ/H 2 = ε 0 . For ε 0 < 0, c 0 > 0 and t 1 may be set zero, but, for ε 0 > 0, one may take c 0 < 0 and set t 1 = t ∞ , just to ensure that the scale factor grows with t in either case. With (5), we find H ∝ e ε 0 N and
For the reality of α ± , it is required that ε 0 > −1.11 or ε 0 < −4.88; we rule out the latter as it implies w > 1.
Spurred on by this example, we make no assumption about the form of scale factor, and instead consider the ansatz that during a given epoch we may make the approximation
where α 0 and α are arbitrary at this stage. This allows us to write ε in a closed form:
where N 1 is a free parameter,β ≡ (16 + α)/4 and β ≡ 1 4 9α(α + 8) + 208. Initially, N may take a large negative value, N ≡ ln(a/a 0 ) ≪ 0. As we wish to obtain an inflationary epoch with sufficiently large number of e-folds of expansion, say 65 e-folds, it is reasonable to take N 1 ∼ O(65). For ∆N ≡ N + N 1 0, the universe is not accelerating, but it starts to accelerate (ε > −1) for ∆N 0.2. The solution where −6 < α < −4 (or −2 < α < 1) is accelerating with the EOS parameter w ≥ −1; of course, the solution where α < −6 (or α > 1) is also accelerating but in this case, since ε > 0 or X < 0 (cf figure 1), χ may behaves as a phantom field.
The scalar field potential may be given by
Note that at the start of inflation, ε ≈ −1 (or w ≈ −1/3), the GB term is not contributing; inflation can be mainly due to the potential. One may express (8) in terms of the scalar field χ, although it involves a somewhat complicated relation between N and χ, namely,
After a certain number of e-folds of expansion, i.e., β∆N 2, this simplifies to
Especially, for α = 1, we getβ = β and hence χ ′ ≃ 0 when β∆N 2, i.e., the time-variation of the field χ or its rolling with N is negligibly small. In this case Λ(χ) acts purely as a cosmological constant term. Note thatβ = β is obtained also for α = −6, but in this case χ may behave as a phantom field unless ξ(χ) is chosen to be negative or the coefficient e α 0 is exponentially small, α 0 → −∞. In the limit U ≪ 1, so that the Gauss-Bonnet correction is small and is not dominating the dynamics, the potential is well approximated by V (χ) ∝ H 2 ∝ e 2(β−β)N ≡ V 0 e −p χ where p ≡ 2(β − β)λ 0 and λ 0 = γ x 0 (α) = |χ ′ | β∆N >2 . Furthermore, we get Λ(χ) = Λ 0 e −p χ , which is valid for any value of α (or N ) but satisfying β∆N > 2. For a canonically normalized field χ such that K(χ) = 1 2χ 2 , the exponential potential Λ = Λ 0 e −p χ with p = p(χ) possesses some interesting cosmological features 16 , which are unavailable if p is a constant. Notably, one would require p < √ 2 to obtain an inflationary solution, where as p > √ 6 may be required after inflation in order for the potential energy not to dominate the energy content of the universe, satisfying the necleosynthesis bound, namely p 2 > n/Ω max χ , where n = 3 (4) for matter (radiation). The nucleosysthesis bound is not violated for (β − β)λ 0 √ 5, given that Ω max χ 0.2. Though the model studied in 17 , namely, V (χ) = Λ 4 e − P χ + e − Qχ , did not work satisfactorily, as it required P > 5.5 (and Q < 0.8) in order to satisfy a constraint coming from the nucleosynthesis bounds on Ω χ , a scalar potential as a sum of two (or more) exponential terms of different slopes may be interesting from some other reasons, for example, it gives rise to more than one period of cosmic acceleration 17,18 .
Let us now return to the discussion related to (7). The scale factor of the universe after inflation would naturally become much larger than its initial value, but it is smaller than a 0 , i.e. the present value, so −O(1) N < 0. Our approximation (6) that U be given by a single exponential term may break down at some intermediate epoch (cf Fig 2) . Sometime later, U may be approximated by the term ∝ eα N . The solution is then given by (7), with α and N 1 replaced byα and N 0 , respectively. For N + N 0 0, the universe is in a deceleration phase which implies that inflation must have stopped during the intermediate epoch. As N crosses N 0 , or when N + N 0 > 0, the universe may begin to accelerate for the second time. For a(t) ∼ a 0 , we get N ∼ 0 and hence ∆χ ∝ ∆N ; the constant of proportionality may be small. This implies that, after inflation, even ifα is very different from unity, the time-variation of χ may be small, unless we do not demand a large number of e-folds of expansion. It is also possible that after inflation the field χ stabilises (i.e. no significant rolling with N ) and the late time acceleration is due to slow rolling of the field φ. Later we will discuss about this possibility. Below we discuss the result of cosmological perturbations for a single scalar field χ.
It is generally believed that during inflation the inflaton and graviton field undergo quantummechanical fluctuations 19 , leading to scalar (density) and tensor (gravity waves) fluctuations, which in turn would give rise to significant effects on the large-scale structures of the universe at the present epoch. In turn, it may be hoped that the spectra of perturbations provide a potentially powerful test of the inflationary hypothesis. In this respect, one may ask whether the solution of the type (7) can generate scalar perturbations of the desired magnitudes, like δ H ≡ δρ/ρ ∼ 2 × 10 −5 and n ≃ 0.95. The spectral index (or tilt parameter) is given by
where
We note that inflationary predictions with ξ(χ) = 0 can be significantly different from those with ξ(χ) = 0 (see 20 for discussions on the related theme). In our model, a spectral index of magnitude n ≃ 0.95 may be obtained with α ≃ −5.964 or with α ∼ [−0.04, 0.04] (cf figure 3) . Furthermore, for α ≈ −6 and α 0, the tensor-to-scalar ratio may be negligibly small, r ≡ A T /A S ≪ 0.4 15 . The acceleration of the universe at late times 21 is a surprising and enormously influential result. It is worthwhile to know if the dilaton plays a special role in the present accelerated phase of the universe. So far we discussed the result with no φ-dependent terms in the action, or thatφ ≃ 0. In the presence of φ-dependent terms, one may introduce two more variables:
First consider the case ζ = 0, for which there is no kinetic term for φ. Φ is assumed to be positive; of course, its time variation must be small at late times so as not to conflict with ground based solar system tests of GR. Here we do not impose any condition like (4). Especially, for U = Φ, for which φ is behaving similarly as χ and hence f ≡ λ(φ) − ξ(χ) = 0, we find 22
The solution U ∝ e αN leads to an accelerated expansion of the universe for α > −2; in particular, for α = −0.09, we get ε = −0.045 and hence w = −0.97. According to the recent WMAP result 23 , putting together all the experiments, the measured value of the dark energy EOS parameter is w DE = − 1.06 In the case ζ = 0, the field equations are solved explicitly, for example, with U = Φ = const ≡ Φ 0 . Then, there exist three branches of solution: the first branch is given by ε = √ 6 tanh( √ 6(N + N 0 )) − 3 and W = −3Φ 0 (1 + 2ε). For this solution the universe enters into an accelerating phase for N + N 0 0.22. In particular, for N + N 0 2, the deceleration parameter q is almost constant, q ≡ − aä/ȧ 2 = −1 − ε ≃ 0 − 0.45. Furthermore, we get W ≃ 0.3Φ 0 , so that, for Φ 0 > 0, φ behaves as a canonical scalar. Either both of the other two branches support an accelerating phase with w > −1, or only one of the branches supports inflation with w < −1.
Finally consider a situation near the analytic minimum where V (χ) ≃ 0. In this case a cosmic acceleration at late times may arise due to slow rolling of the field φ and/or ξ:
where χ 0 , φ 0 and m are arbitrary at this stage. The solution is given by
The solution may be modelled such that ln(1 + z) = |∆N | = ln(a f /a i ), where z is the red-shift factor. The number of e-folds ∆N ∼ 0.7 when z drops from 1 to 0. For simplicity, let us assume that χ 0 ≃ 0, so that χ stabilises. Then the solution (15) can support a transition between phantom-like phase (ε > 0) and standard (non-phantom) phase a (ε < 0), especially, for m ≥ 5. However, if φ stabilises (φ = 0) before χ stabilises, then we find ε ≃ −1 − 4χ 0 /(3 + χ 0 ); with χ 0 > 0, as such the case for a canonical χ, the solution is not accelerating since ε > −1. However, if both scalars φ and χ are (slowly) rolling with time, it is possible that the EOS parameter w < −1/3, although its value is more sensitive to the choice of the parameters χ 0 and φ 0 . In summary, we have shown that the string α ′ -correction to the usual gravitational action of general relativity of the Gauss-Bonnet form plays an important and interesting role in explaining the early and late time accelerating phases of the universe, with singularity-free solutions. For constant dilaton phase of the standard scenario, the model can predict during inflation spectra of both density perturbations and gravitational waves that may fall well within the experimental bounds. It is hoped that the results in this paper help for explaining both the inflation and the cosmic acceleration at late times. For completeness, in particular, in order to study the transition between deceleration and acceleration, one may have to include matter field which is also the constituent that we know dominates the universe during deceleration (see 29 for a work in this direction). In the presence of a barotropic fluid (matter/radiation), one defines an effective EOS parameter, w ef f , which may differ from the w obeyed by a source of dark energy alone, like the scalar potential, V (χ), or by some exotic source of dark energy such as K-inflaton.
